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1.
$R_{p}$ $p$ , ,
$R_{p}:=$ {$X\in M_{mn}|$ rank(X) $\leq p$}
$M_{mn}$ $||\cdot||$ M $p\mathrm{t}\mathrm{h}$
$d1 \mathrm{I}\cdot 11(M, R_{p}):=\min\{||M-X|| : X\in R_{p}\}$
Mn $||\cdot||_{\infty}$
$d_{||\cdot||_{\infty}}(M, R_{p}):=s_{p+1}(M)$ ( $S:(M)$ $M$ $i$ } $\iota\backslash$ singular
value)
$P_{R_{p}}(M)=\{X\in R_{p}|||M-X||=d||\cdot||(M, R_{\mathrm{p}})\}$
7Wmn $||\cdot||$ $M\in M_{mn}$ $M_{p}\in P_{R_{\mathrm{p}}}(M)$ rank(M-
$M_{p})= \max\{\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}M-p, 0\}$ $||\cdot||$ rank $p$ reducing
$1\leq p\mathrm{m}\mathrm{i}\mathrm{n}\{m,n\}$ ( $p$ reducing $||\cdot||$ rank reducing
$M_{mn}-\mathrm{h}\sigma)$ norm $||\cdot||\mathrm{B}_{\check{1}}$ unitarily invariant $\text{ }[]\mathrm{h}$
$||UMV||=||M||$
$M\in M_{mn}$ unitary matrices $U\in M_{m},$ $V\in M_{n}$
Unitarily invariant norm $1\mathrm{h}$ symmetric gauge function $\Phi$ $\text{ }ffl1\backslash \text{ }$
$||M||=\Phi(s_{1}(M),s_{2}(M),$ $\cdots,s_{\min(m,n)}(M))$




$||\cdot||\text{ }$ Mm operator norm $|\mathrm{I}|_{1},$ $||\cdot||_{2}$ $\mathbb{C}^{m},$ $\mathbb{C}^{n}$
$||\cdot||$
$||M||=11^{\mathrm{g}}1\mathrm{I}=1\mathrm{m}_{2}\mathrm{x}||Mx||_{1}$
$||\cdot||\mathrm{B}\mathrm{i}$ rank oeducing $(\mathbb{C}^{n}, ||\cdot||_{1})$
umetric $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}^{n}$ ulinear selection”
numerical radius
2. )
$(V, ||\cdot||\gamma)$ : Banach speace, $W\subset V$:subspace $W$ proximinal (resp.
Chebyshev) $\forall v\in V$ ,
$\Pi_{W}(v):=\{y\in W : ||v-y||_{V}=\inf_{w\in W}||v-w||_{V}\}\neq\emptyset$ (resp. asingleton)
w : $Varrow 2^{W}$ metric prvjection
, $W$ : $Varrow 2^{W}$ metric projection ,
$P:Varrow W$ selection for $\mathrm{n}_{W}$ ,
$\Leftrightarrow^{def}$
$P(v)\in\Pi_{W}(v)$ for $\forall v\in V$
$P\mathrm{B}\mathrm{i}\Leftrightarrow^{d\mathrm{e}}f$
li$n$ear selection for $\mathrm{n}_{W}\text{ }$ }$\mathrm{h}$ ,
$P$ selection lnear
ffilbert space selection $W$ orthogonal projection ,
linear selection
$3\leq\dim V<\infty$ , metric
projection linear selection bert space isometric
[Stoer(1967)].
, $3\leq\dim V<\infty$ , $p$ metric projection
near selection $p(p\leq\dim V-2)$ , $V$ Hilbert
space isometric [D. Amir(1986)].
, codimension 1 metric projection linear selection
[N. Aronszajn and $\mathrm{K}.\mathrm{T}$ . Smith (1954), F. Deutsch
54
$x=(x_{1}, x_{2}, \cdots, x_{n})^{t}\in \mathbb{C}^{n}$ ( $|x|$ := $(|x$ $, |x_{2}|, \cdots, |x_{n}|)^{t}$
$\Leftrightarrow 1$l.dlelf $\mathbb{C}^{n}$ $a$) absolute norm [
$||x||=|||x|||$
$\Leftrightarrow^{de}f||\cdot||$
operator matrix norm $\mathrm{B}_{1}^{*}$ absolute &J,
The image space absolute vector norm
Lemma 1. $||\cdot||$ $M_{mn}$ absolute opemtor nonn , rankM $\geq p$
$M$ rank $p$ closest $rank\leq p$ approximant
Theorem 2. $||\cdot||$ $M_{mn}$ $\text{ }$ absolute operator norm 6 . $||\cdot||$ rank
$m-1$ xducing norm
Prvof. $M\in M_{mn}$ rmkM $=m$ Lemma 1 $||\cdot||$ absolute
operator norm $\exists A\in M_{mn}$
1 rax A $=m-1$
2llA-Mll=dl $(M,R_{m-1})$
$N:=Im(A)$ $\mathrm{c}\mathrm{o}\dim(N)=1$ , , $\Pi_{N}$ linear selection
, $\exists P;N$ linear projection
$||x-Px||_{1}= \inf_{n\in N}||x-n||_{1}(x\in C^{n})$
, $||M$ –PMll=dl $(M, R_{m-1})$ , rank(M–PM) $=1$
Corollary $. ($B.I.$ Wainberg and E. J. Woerdeman)
$||\cdot||$ $M_{n}$ maximum $mw$ length $nom$ $1\leq k,$ $l\leq n$ $\mathbb{Q}=\{Q=$
$(q_{1j}.)\in M_{n}(R)|q_{1j}.=0(i>lorj>k)\}$ $M\in M_{n}(R)$ [
$M$ singularity radius $\mu_{\mathbb{Q}},||\cdot||(M))=\min_{\Delta\in\sigma q(M)}||\Delta||$ t rank(\Delta ) $=$ $1$
$\sigma_{\mathbb{Q}}(M)=\{\Delta\in \mathbb{Q}|\det(M-\Delta)=0\}$
Theorem 4. $||\cdot||_{1}$ inner product norm operator norm rank reducing
Theorem 5(Yu. I. Lyubich). $n\geq 3$ , $||\cdot||$ Cn norm
induce $M_{n}$ $\mu rator$ nonn $\text{ }$ , $d1\mathrm{I}\cdot 11(I,R_{p})=||I-X||$
rank $p$ matrix $X$ rank $n-p$ $nom$
$\mathit{1}$ projection $P$
Prvof. $\Rightarrow$ ) $X:=I-P$
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$Q:=1-X$ , $\mathrm{m}$ $\mathrm{K}\mathrm{e}\mathrm{r}Q=n-p$ , $\mathrm{K}\mathrm{e}\mathrm{r}Q=\{x\in C^{n}|Qx=x\}$




Remark 6. Opemtor matrix nonn $mnkp$ reducing 1‘
Example $\mathrm{R}^{\}$ $||\cdot||’$ 12 $\mathrm{n}\mathrm{o}\mathrm{m}$ , $||P||=1$
rankP $=2$ projection [Singer(1970)]
, $||\cdot||$ $||\cdot||’$ induoe $M_{\}$ norm , $||I-X||=$
$d_{11\cdot 11}(I,R_{1})$ , $X=0$
[ ]
Let $A\in M_{n}$ . $W(A)$ $A$
$W(A)=\{(Ax,x\rangle|||x||=1\}$
$w(A)$ $A$
$w(A)=$ Sup $|(Ax, x)|$
1 1 $=1$
,
4(M, ) $= \min${$w(M-X)$ : $X\in$ }
$[\mathrm{H}(1968)]$
(1) $w(U^{*}AU)=w(A)$ (unitary similarity invariant).
(2)
$w(\{\begin{array}{ll}A_{\mathrm{l}\mathrm{l}} 00 0\end{array}\})\leq w(\{\begin{array}{ll}A_{1\mathrm{l}} 00 A_{22}\end{array}\})\leq w([_{A_{1}}^{A_{1}}: A_{22}A_{12}])$ .
(3) $\frac{1}{2}||A||_{\infty}\leq w(A)\leq||A||_{\infty}$ .
By (3) ,
$\frac{1}{2}s_{p+\sim}(A)\leq d_{w}(A, h)\leq s_{p+1}(A)$
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Lemma 7. $p$ , $M\in M$, rankM $\ovalbox{\tt\small REJECT} p$
, 1 , rankX $\ovalbox{\tt\small REJECT} p$ $M$ closest rank $\ovalbox{\tt\small REJECT} p$ approximant $X$
Proof. $p\in\{1, \ldots, n\}$ $d_{w}(M, R_{p-1})<d_{w}(M, R_{p})$






, unitary matrix $U\in M_{n}$ , $a_{1},$ $\alpha_{2},$ $\ldots$ , $\alpha_{n}$
$M-X$ $\mathrm{Y}.\cdot$ $U^{*}(M-X)U$ $i$ , 0
, $X_{i}=X+U\mathrm{Y}_{i}U^{*}$ ,
$w\{\begin{array}{ll}0 00 A_{22}\end{array}\}\leq w\{\begin{array}{ll}A_{11} 00 A_{22}\end{array}\}\leq w\{\begin{array}{ll}A_{11} A_{12}A_{21} A_{22}\end{array}\}=w(A)$
,
$w(M-X:)\leq w(M-X)=d_{w}(M, R_{p})$
$i\in\{0, \ldots,n\}$ rank $X_{:}$ rank $X_{:+1}$ \downarrow ,
rank $X_{0}\leq p,$ $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}X_{n}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ $M\geq p$ , $i\in\{0, \ldots, n\}$ rankX: $=p$
Theorem 8. $M_{n}$ rank $n-1$ xducing
Proof. Theorem 2
Lemma 9. $A\in M_{n}$ $d_{w}(A, R_{n-1})\geq \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(0, W(A))$
dist $($ \mbox{\boldmath $\alpha$}, $Q)$ $\alpha$ $Q\subset \mathbb{C}$
Theorem 10. $A$ \lambda 1 $\geq\cdots\geq\lambda_{k}\geq 0\geq-\lambda_{k+1}\geq\cdots\geq-\lambda_{n},$ $\lambda_{1},$ $\lambda_{n}\neq 0$
$d_{w}(A, R_{1})= \max\{\lambda_{2}, \lambda_{n-1}, \frac{\lambda_{1}\lambda_{n}}{\lambda_{1}+\lambda_{n}}\}$
$h=1$ $\lambda_{2}=0,$ $h=n-1$ $\lambda_{n-1}=0$
Proof. [ $n=2$ $a,$ $b>0$ $A=\{\begin{array}{ll}a 00 -b\end{array}\}$
$A$ rank 1




$- \frac{b(a-p)q}{a}]$ , Theorem 8 , $d_{w}(A, R_{1})= \min_{p,\mathrm{q}}$
$w(X_{1})$ , $\min_{p,q}w(X_{1})=\frac{ab}{a+b}$ $w(X_{1})\geq$
$\min_{p}\max\{|p|,b[perp]_{a}a\ovalbox{\tt\small REJECT}-\}$ , $p= \frac{ab}{a+b}$
, $w(X_{1}) \geq\frac{ab}{a+b}$ , , $q=- \frac{ab}{a+b}$ , $X_{1}= \frac{ab}{a+b}\{\begin{array}{ll}1 -11 -1\end{array}\}$
$w(X_{1})= \frac{ab}{a+b}w(\{\begin{array}{ll}1 -11 -1\end{array}\})= \frac{ab}{a+b}$
, $n\geq 3$ $A\in M_{n}$ , $\overline{\lambda}_{1}\lambda\lambda\mp\lambda_{n}$
$\min\{\lambda_{1},\lambda_{n}\}$ $a\geq a’>0,b\geq b’>0$ $\frac{a’b’}{a^{1}+b},$ $\leq\frac{ab}{a+b}$
, , $X’$ $X$ principal submtrix , $w(X)\geq w(X’)$ ,
$d_{w}(A,R_{1})= \min_{X\in R_{1}}w(A-X)$
$\geq A^{\iota}:2\mathrm{x}2$
principdl submatrix of A $X’\in R_{1}$
$\min w(A’-X’)$
$= \max\{\lambda_{2}, \lambda_{n-1}, \frac{\lambda_{1}\lambda_{n}}{\lambda_{1}+\lambda_{n}}\}$
$-X$ , $A’=\{\begin{array}{ll}\lambda_{1} 00 -\lambda_{n}\end{array}\}$ , 2 $\cross 2$ , $d_{w}(A’, R_{1})=$
$w$ ( $A’$ -X/)=ll , $X’$ $A’$ closest $\mathrm{r}\mathrm{m}\mathrm{k}\leq 1$ approximant
$X=X’\oplus 0\in M_{n}$ , $X\in R_{1}$ $w(A-X)= \max\{\lambda_{2}, \lambda_{n-1}, \frac{\lambda}{\lambda_{1}}\lambda\mp\lambda_{n}\}$




$0\leq a\leq 1$ 4$(A, R_{1})=1- \frac{a}{2}$
$a>1$ $d_{w}(A,R_{1})= \frac{1}{2a}$
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